We present the next-to-next-to-leading order QCD analysis of the Gross-Llewellyn Smith (GLS) sum rule in deep inelastic lepton-nucleon scattering, taking into account dimensiontwo, twist-four power correction. We discuss in detail the renormalization scheme dependence of the perturbative QCD approximations, propose a procedure for an approximate treatment of the quark mass threshold effects and compare the results of our analysis to the recent experimental data of the CCFR collaboration. From this comparison we extract the value of the strong coupling constant α nnl s (M Z , MS) = 0.115 ± 0.001(stat) ± 0.005(syst) ± 0.003(twist) ± 0.0005(scheme). We stress the importance of an accurate measurement of the GLS sum rule and in particular of its Q 2 dependence.
1. In this paper we continue our investigation of the phenomenological aspects of the available next-to-next-to-leading order (NNLO) perturbative QCD approximations to measurable physical quantities, and in particular of their implications for a precise determination of the strong coupling constant α s at different scales (see [1] for a recent detailed discussion of this point). In our previous publication [2] we have discussed in detail the NNLO QCD predictions for the familiar R-ratios in e + e − annihilation as well as for the τ -lepton decay rate. The inclusion of the NNLO corrections calculated in [3] proved to be quite important, in particular for the latter quantity, as it significantly decreased the sensitivity of QCD predictions to the well-known renormalization scheme (RS) ambiguity [2] . This makes the τ -lepton decay rate a suitable place for testing QCD (for more detailed discussions of this subject see refs. [4] , [1] ). Using the results of our work [2] the RS ambiguities were considered also in [5] for the case of the e + e − annihilation in the resonance region and in [6] for the τ -lepton decay ratio.
Besides the above-mentioned two quantities, the NNLO calculations are available also for some of the deep-inelastic scattering sum rules [7, 8] . The corresponding next-to-leading order (NLO) calculations can be found in [9, 10] . In this paper we concentrate on the Gross-Llewellyn Smith (GLS) sum rule and after discussion of various kinds of theoretical ambiguities related to it, present a phenomenological analysis of recent experimental data from the CCFR Collaboration [11] .
2. The quantity of interest in our case is the non-trivial part ∆ of the GLS sum rule
defined as ∆ = (3 − GLS)/3
As ∆ = ∆(Q 2 ) depends, through the Q 2 dependence of the structure function F 3 itself, on Q 2 , it would be very useful to have this quantity measured in a broad range of Q 2 values. Unfortunately the actual situation with the GLS sum rule is more complicated, for experimental as well as theoretical reasons, and its analysis burdened with several problems related to the treatment of the low x region. The point is that although F νp 3 , Fν p 3 are functions of x and Q 2 only, the integral in (1) cannot in practice be evaluated from experimental data at any finite primary energy. Indeed, the recent experimental analysis of the CCFR collaboration [11] gives ∆ exp ( Q 2 = 3 GeV 2 ) = 0.167 ± 0.006(stat) ± 0.026(systematic)
At fixed Q 2 there is always a minimal value of accessible x, determined by the requirement up to the NNLO for massive quarks. As this is practically impossible to do, we shall later formulate a parton model based procedure which we believe should reasonably approximate the effects of quark mass thresholds.
• Renormalization scheme dependence. For Q 2 in the region of a few GeV 2 the RS ambiguities are expected to be phenomenologically important, as was the case in [2] .
Moreover, for the GLS sum rule the RS dependence in the low Q 2 region turns out to depend sensitively on the value of n f .
• Contribution of higher twists. Contrary to the case of the τ -lepton decay, which is also characterized by a rather low value of the natural scale Q 2 , the results [15, 16] give concrete estimates of the dimension-two, twist-four contribution (for recent theoretical discussions of the dimension-two contributions to the e + e − annihilation and the τ -lepton decay R-ratios see [17, 1] ). The estimates [16] suggest that the twist-four contribution is quite sizeable and has therefore to be taken into account.
3.
The estimate of the corresponding twist-four contribution to the GLS sum rule, performed in [16] using QCD sum rules formalism, implies for our quantity ∆
Although the typical QCD sum rules accuracy is about 30%, we prefer to be conservative and threfore put a 50% error bar on the above estimate. These errors are consistent with the estimate of the higher twist contribution obtained in [16] by two other methods, namely vector dominance approximation and the non-relativistic quark model. In [16] it was also shown that the results of the latter method indicate the problems in the related bag model calculations of [18] , which gave negligibly small values of the twist-four contribution.
For Q 2 = 3 GeV 2 we thus use
Its central value is about 1/3 of the leading perturbative correction in the MS RS.The best way to detect the presence of the higher twist contributions would be to study the Q 2 evolution of the GLS sum rules. Experimentally this is, however, difficult to do and all data available so far therefore correspond to the averages over rather broad intervals of Q 2 .
4. The perturbative part of ∆(Q 2 ) can be expanded in the renormalized couplant (we adopt the notation of [19] 
defined in a particular RS. As indicated in (2) both the couplant a and the coefficients r k do depend on the chosen RS. For the discussion of the RS dependence of physical quantities like (2), the RS may be uniquely defined by the set {a, c k ; k ≥ 2} where c k are related to the coefficients of the QCD β-function. Let us write the couplant a(RS) as a function of the renormalization scale variable µ,
where b = (33 − 2n f )/6, c = (153 − 19n f )/(66 − 4n f ) are the RG invariants while c i , i > 2 are free parameters defining the so-called renormalization convention (RC). At the NNLO we have two free parameters labelling our RS: c 2 and either a itself or µ, related to it in (9).
The consistency conditions lead to the following explicit relations [19] 
where
and
In (10,11) ρ = ρ( √ Q 2 /Λ) and ρ 2 are RG invariants [19] and Λ is defined as
where Λ, which is held fixed, is the conventional definition of the QCD Λ-parameter. Combining (10,12) we find
and putting all together we obtain ∆ nnl pert as a function of a, c 2 , ρ and ρ 2 . Note that the energy dependence of ∆ nnl pert enters entirely through the RG invariant ρ which can be written as
where we take for the referential RS the MS one.
The RS dependence of ∆ nnl pert (a, c 2 ; ρ, ρ 2 ) can therefore be represented by a two-dimensional surface in three dimensions. In this picture each point on such a surface represents uniquely one RS. Recall that at the NLO ∆ nl pert was given simply as [19] 
and the corresponding curve was close to a parabola. At the NNLO the surface representing ∆ nnl depends non-trivially on the mutual relation of the two RG invariants ρ and ρ 2 , and in particular on the sign of the latter one. For the e + e − annihilation and τ decay R-ratios, ρ 2 < 0 for all n f ≥ 3 and so only this case was discussed in [2] . For (1) the situation is more complicated as now both cases ρ 2 < c 2 /4 and ρ 2 > c 2 /4 are physically relevant.
In [8] the NNLO calculations of (1) were carried out in the MS RS with the result
which coupled with the earlier known formulae for r 1 [10] , and c 2 [20] in the same MS RS
yields an explicit dependence of ρ 2 (n f ) 3 . In particular
To get a quantitative idea of the shape of ∆ nnl pert as a function of a and c 2 , for given ρ and ρ 2 , we look for the stationary points with respect to the variation of a, given by the solutions to the equation d∆
In [2] we discussed in detail the situation for ρ 2 < 0; here we briefly sketch what it looks like for ρ 2 > 0. In this case the solutions of (23) Expanding (16) in powers of 1/a and keeping only the non-vanishing terms we get, using (10,11)
where κ = 1/(3c 2 ) and
3 Here we included in ρ 2 the contributions of the light-by-light-type graphs contributing to r 2 . For the phenomenologically interesting case ρ > 0 the separation of these contributions in accordance with the proposal of [21] has an entirely negligible effect on the results of this analysis.
The equation (23) has two simple physical solutions
which coincide for c 0 2 given as the solution to the equation
At that point
For ρ < (γ − c/2) only a 2 stays positive and is thus physically acceptable. As we decrease ρ even further the curves move upwards and simultaneously shrink to a point at some c 2 . The lower bound on ρ follows again from the requirement a 2 > 0 which means
The minimum of the function h(c 2 ) lies at c 2 given as the solution of the equation
Substituting the solution of (31) into ( It should be stressed that the basic idea of the method of the "effective charges"(EC) [22] (or the scheme-invariant perturbation theory [23] ) should be considered more carefully when we go from the NLO to the NNLO. Indeed the condition
implies at the NNLO merely
which has an infinite number of solutions corresponding to the intersection of the surface ∆ nnl pert (a, c 2 ) with the plane ∆ = a. There are two, one or no intersections for any given c 2 , depending on the values of ρ and ρ 2 . At first glance there is no obvious reason to single out one of them. However, requiring r 1 , r 2 to vanish separately (as is assumed in [22] ) fixes 
and has for n f = 3 the solution
At the NNLO and for n f = 4 the IR fixed points of the PMS and EC NNLO approximants are at
while for n f = 5
We shall not advocate here any of the popular choices of the RS (PMS, EC or MS) but shall take the difference between the PMS/EC and the MS results as a measure of the RSdependence (in the phenomenologically relevant region of ρ the EC results are practically indistinguishable from those of the PMS). As we shall see, typical values of ρ appropriate to the CCFR data [11] lie in the region ρ ∈ (2, 6), while ρ up to 25 might be of interest at currently accessible values of Q 2 .
5.
The main difference between the RS dependences for n f = 3, 4, 5 lies in the IR region, which is most of all influenced by the fact that ρ 2 < 0 for n f = 4, 5 and ρ 2 > 0 for n f = 3 (see (22) ) implying no IR stability at the NNLO for n f = 3 even in the PMS and EC approaches. The question to what extent is the IR stability, observed for n f = 4, 5 in certain schemes, is of physical relevance or merely an artefact of finite order calculations and/or the choice of the RS, is difficult to answer on the basis of the available perturbative calculations themselves. Nevertheless, if it should really be the case, then a similar behaviour would certainly have to be observed for n f = 3 as well. As this is not the case the IR stability of the NNLO PMS and EC approximants for n f = 4, 5, characterized by (36),(37), has probably little physical relevance. Moreover, due to a rather small magnitude of ρ 2 , ∆ nnl pert has IR zeros of the PMS and EC approximants at so large values of the couplant that the NNLO approximations can hardly be trusted. In the following we shall discuss only the region of positive ρ where the problem of asymptotic explosion does not arise.
In Fig.2 we plot the dependence ∆ nnl pert (ρ) on ρ for all three RS: PMS/EC and MS and for n f = 3, 4, 5. For PMS/EC results we observe sizeable n f dependence in particular in the small ρ region. This difference is significant up to ρ ∼ 5. On the other hand the MS results are nearly n f independent!. This somewhat surprising effect is a result of nontrivial partial compensation between significant n f -dependences of the coefficients r k , k = 1, 2, as given in (20, 19) , and the couplant a in the MS RS, induced by the n f -dependence of the β-function coefficients b k .
The same facts, but viewed differently, are presented in Fig.3 where we plot the RS dependence, as measured by the difference between the PMS/EC and MS results, for n f = 3, 4, 5. The PMS and EC approaches are practically indistinguishable in our plots. At the NNLO and for fixed ρ the RS dependence diminishes as n f grows, while at the NLO it remains about the same. The importance of the NNLO corrections with respect to the NLO ones can be assessed from Fig.4 , where we plot the comparison between NLO and NNLO as a function of ρ for all three values if n f and for both PMS/EC and MS RS. We see that
• in the MS RS we find ∆ 
The analytical parametrization of the dependences ∆ (i) pert (ρ) is useful also for the determination of the error σ Λ of the extracted Λ MS from the error σ ∆ on ∆ exp :
The relation (39) holds for massless quarks and thus makes good sense only provided n f is well defined and fixed. As in practice this is usually not the case, we have developed a procedure which takes into account at least in an approximate way the quark mass thresholds.
For all four combinations of the order (NLO and NNLO) and RS (EC/PMS and MS, EC
and PMS being indistinguishable for our purposes), it consists of the following steps:
1. From the information on valence distribution functions we determine, for a given Q 2 , the fractions w i (Q 2 ) defining the relative importance of the contribution of n f = 3, 4, 5 to (1). We do this by taking the average of results corresponding to the three mentioned sets of quark distribution functions. For Q 2 = 3 GeV 2 we find: w 1 = 0.20, w 2 = 0.51, w 3 = 0.29.
From (39) Λ
(n f ) MS appropriate for n f massless quarks is determined.
3. Using the formulae from [24] these values are then translated to Λ 
Using the average valueΛ (4) MS
we go back and calculate the corresponding values of
From these values of Λ
(n f ) MS we calculate, according to (17) , the corresponding ρ(n f ) and then finally evaluate the averages
For this procedure to be self-consistent we should come at the end of step 6 close to the experimental value of ∆ exp 3. If the data do not correspond to a fixed value of Q 2 the whole procedure should be folded with the known Q 2 dependence of the data. As this is difficult to do we have carried out the above procedure for fixed Q 2 = 3 GeV 2 , equal to the average value of Q 2 in the data of [11] . We have included the higher twist contribution as given in (7) 4 but carried out the whole analysis also for the case of no higher twists at all. In Table 2 Table 3 . From Tables 2 and 3 we conclude that: 4 We neglected in our analysis the kinematical power corrections and the twist-six corrections since it was shown in ref. [16] that they are significantly smaller than the central value of the twist-four contributions (7) . It might be interesting to take these effects into account in order to compare their value with the assumed by us 50% error bars of the twist-four contibutions.
• the inclusion of the higher twists is quite important as it lowers the central value of Λ MS by about 100 MeV;
• in the MS as well as PMS/EC approaches Λ • the results of the averaging procedure are not far from those which correspond to fixed n f = 4. This is due to the fact that for Q 2 = 3 GeV 2 n f = 4 is dominant while n f = 3, 5 contribute with comparable strength, thus roughly balancing each other. For other Q 2 the situation may be quite different. where the third error, due to higher twist contributions corresponds to the limits given in (7) . Notice that at the NLO the value of Λ analysis of the BCDMS data on F 2 (x, Q 2 ) without higher twist contributions [25] and in the NLO analysis of the BCDMS and SLAC data with higher twist contributions [26] . Our analysis differs from that of [26] and other similar ones in the way higher twists are treated.
While we use concrete estimates for twist-four contributions (though with sizeable errors), previously they were simply parametrized by the corresponding free parameters which were fitted together with pure perturbative expressions from experimental data.
At the NNLO the difference between the MS and the PMS/EC results becomes considerably smaller: (43) with (41)).
Combining the MS and PMS/EC results we finally get
Notice that with respect to the NLO results the NNLO statistical, systematical and higher twist uncertainties are slightly smaller, while the error due to the RS-dependence is reduced significantly. This is the main effect of including the NNLO corrections in the analysis of GLS sum rule. Our results are in very good agreement with those of the detailed NLO analysis [27] (carried out in the MS RS and including the phenomenological parametrization of the higher-twists effects) 5 of combined BCDMS and SLAC data on F 2 (x, Q 2 ) structure function:
As, however, our analysis suggests the importance of including the NNLO corrections, it would be very desirable to investigate the influence of the yet uncalculated NNLO corrections to F 2 (x, Q 2 ) on the result (47) as well.
So far our analysis has been aimed primarily at the determination of Λ (4) MS but it tells us also something about the role of the higher twist contributions to the GLS sum rule.
Indeed, Table 1 suggests that if the twist-four contribution (7) is ignored or its magnitude is negligibly small (like in the bag model calculations [18] ), the agreement between the results of our analysis and those of [27] worserns. This lends a posteriori support to the QCD sum rules estimate [16] of the higher twist effects. An independent and more accurate estimate of these higher twists, using for instance lattice methods (for a review of such calculations see [28] ), would, however, be very welcome. This analysis might also shed the light on the role of other possible 1/Q 2 -contributions, recently discussed, from a purely theoretical point of view, in [17, 1] . We intend to consider related problems in the future.
The above results on Λ (44), (45) as follows
where F is the r.h.s. of eq.(10).
Finally, to facilitate easy comparison with other determinations of α s we have evolved it, using the fomulae of [24] , and eqs. 
obtained in the NLO analysis in the MS RS [27] , where the standard two-loop inverse-log approximation for α s was used. The theoretical error comes from the NLO estimates of the RS and factorization-scheme uncertainties [27] 6 .
Our results also agree with the recent world average [1] with the typical error (mainly theoretical one). This world average sums up all available results on α s , including the relatively larger values coming from the analyses of the R-ratio in the e + e − annihilations into hadrons and of the total width of Z 0 decay into hadrons, both of which, however, have rather large experimental errors (see [2, 29, 30, 1] ).
7.
In this work we have presented the NNLO QCD analysis of the GLS sum rules using the new data of the CCFR Collaboration [11] . The inclusion of the NNLO corrections substantially improves the situation as far as the RS dependence is concerned and makes this quantity a potentially good place for testing the perturbative QCD. Our result We intend to carry out an analysis similar to the one presented in this paper also for the Bjorken sum rule for polarized electroproduction structure functions, since the appropriate NNLO perturbative calculations [8] as well as power correction estimates [31] , inspired by the analysis of [32] , are available and the relevant experimental data will soon be obtained by CERN and SLAC groups. Table 2 .
